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Figure 2.1: Where we are in this book.

This chapter introduces a core concept and an important tool. The core concept
is the state value, which is defined as the average reward that an agent can obtain if
it follows a given policy. The greater the state value is, the better the corresponding
policy is. State values can be used as a metric to evaluate whether a policy is good or
not. While state values are important, how can we analyze them? The answer is the
Bellman equation, which is an important tool for analyzing state values. In a nutshell,
the Bellman equation describes the relationships between the values of all states. By
solving the Bellman equation, we can obtain the state values. This process is called

policy evaluation, which is a fundamental concept in reinforcement learning. Finally, this
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2.1. Motivating example 1: Why are returns important?

chapter introduces another important concept called the action value.

2.1 Motivating example 1: Why are returns impor-

tant?

The previous chapter introduced the concept of returns. In fact, returns play a funda-
mental role in reinforcement learning since they can evaluate whether a policy is good or

not. This is demonstrated by the following examples.
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Figure 2.2: Examples for demonstrating the importance of returns. The three examples have different
policies for s.

Consider the three policies shown in Figure 2.2. It can be seen that the three policies
are different at s;. Which is the best and which is the worst? Intuitively, the leftmost
policy is the best because the agent starting from s; can avoid the forbidden area. The
middle policy is intuitively worse because the agent starting from s; moves to the forbid-
den area. The rightmost policy is in between the others because it has a probability of
0.5 to go to the forbidden area.

While the above analysis is based on intuition, a question that immediately follows is
whether we can use mathematics to describe such intuition. The answer is yes and relies

on the return concept. In particular, suppose that the agent starts from s;.

¢ Following the first policy, the trajectory is s; — s3 — s4 — S4---. The corresponding

discounted return is

return; = 0+ 1 +~%1 + ...
=y(1+v+9*+...)

L=y
where v € (0,1) is the discount rate.

¢ Following the second policy, the trajectory is s; — s9 — s4 — S4 -+ -. The discounted
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2.2. Motivating example 2: How to calculate returns?

return is

returng = —1 4+ 1+ %1+ ...

=—1+71+v+7*+...)
v
=—1+ —-.
+1—’y

o Following the third policy, two trajectories can possibly be obtained. One is s; —

S$3 — S4 — S4- -+, and the other is s; — s5 — s4 — s4---. The probability of either

of the two trajectories is 0.5. Then, the average return that can be obtained starting

returng = 0.5 | —1 + _r 4+ 0.5 v
1 —x 1 —v

— 054+ ——

1—~

from s is

By comparing the returns of the three policies, we notice that
return; > returng > returns (2.1)

for any value of . Inequality (2.1) suggests that the first policy is the best because its
return is the greatest, and the second policy is the worst because its return is the smallest.
This mathematical conclusion is consistent with the aforementioned intuition: the first
policy is the best since it can avoid entering the forbidden area, and the second policy is
the worst because it leads to the forbidden area.

The above examples demonstrate that returns can be used to evaluate policies: a
policy is better if the return obtained by following that policy is greater. Finally, it is
notable that returns does not strictly comply with the definition of returns because it is
more like an expected value. It will become clear later that returns is actually a state

value.

2.2 Motivating example 2: How to calculate returns?

While we have demonstrated the importance of returns, a question that immediately
follows is how to calculate the returns when following a given policy.

There are two ways to calculate returns.

¢ The first is simply by definition: a return equals the discounted sum of all the rewards
collected along a trajectory. Consider the example in Figure 2.3. Let v; denote the

return obtained by starting from s; for ¢ = 1,2, 3,4. Then, the returns obtained when
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2.2. Motivating example 2: How to calculate returns?
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Figure 2.3: An example for demonstrating how to calculate returns. There are no target or forbidden
cells in this example.

starting from the four states in Figure 2.3 can be calculated as

01:r1+’yr2+727"3—|—...,
Vg = To 4+ T3 + 27 + ...
2 2 T T3 724 (2.2)
V3 =Ty +yrg+yrr+ ...,

v4:r4+'yr1+727"2—|—....

¢ The second way, which is more important, is based on the idea of bootstrapping. By

observing the expressions of the returns in (2.2), we can rewrite them as

v =11+ 7y(reo +yrs+ ...

Vg =Tog +Y(r3s+yrg + ...

( )

( ) (2.3)
vy =13+ Y(ra +yr1+...) =13+ YU,

Ve =4+ +yr2+...)

The above equations indicate an interesting phenomenon that the values of the returns
rely on each other. More specifically, v; relies on vy, vy relies on vz, v relies on vy,
and vy relies on vy. This reflects the idea of bootstrapping, which is to obtain the

values of some quantities from themselves.

At first glance, bootstrapping is an endless loop because the calculation of an unknown
value relies on another unknown value. In fact, bootstrapping is easier to understand
if we view it from a mathematical perspective. In particular, the equations in (2.3)

can be reformed into a linear matrix-vector equation:

U1 1 Yo 1 01 00 U1
v r v r 0 010 v
2 | _ 2 i YU3 _ 2 oy 2 7
V3 T3 YUy T3 0 001 V3
Vg Ty YU1 T4 1 0 00 Uy
—— S~—— ~ ;e ~——
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2.3. State values

which can be written compactly as
v =1+ vPv.

Thus, the value of v can be calculated easily as v = (I — yP)~'r, where I is the
identity matrix with appropriate dimensions. One may ask whether I — P is always

invertible. The answer is yes and explained in Section 2.7.1.

In fact, (2.3) is the Bellman equation for this simple example. Although it is simple,
(2.3) demonstrates the core idea of the Bellman equation: the return obtained by starting
from one state depends on those obtained when starting from other states. The idea of
bootstrapping and the Bellman equation for general scenarios will be formalized in the

following sections.

2.3 State values

We mentioned that returns can be used to evaluate policies. However, they are inappli-
cable to stochastic systems because starting from one state may lead to different returns.
Motivated by this problem, we introduce the concept of state value in this section.
First, we need to introduce some necessary notations. Consider a sequence of time
steps t =0,1,2,.... At time ¢, the agent is in state S;, and the action taken following a
policy 7 is A;. The next state is Sy, 1, and the immediate reward obtained is R;,;. This

process can be expressed concisely as
Ay
Sy — Sy1, R

Note that Sy, Si11, As, Riy1 are all random variables. Moreover, Sy, S;.1 € S, Ay € A(Sy),
and Rt+1 c R(St, At)
Starting from ¢, we can obtain a state-action-reward trajectory:

A A A
Si =% Serts Riyt = Spao, Ripo — Spisy R - -
By definition, the discounted return along the trajectory is
Gy = Ri1 + YRy + 7V Ris + ..,

where v € (0, 1) is the discount rate. Note that GG is a random variable since Ry 11, Ry1o, . . .
are all random variables.
Since G, is a random variable, we can calculate its expected value (also called the

expectation or mean):

v(s) = E[G|S; = s].
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2.4. Bellman equation

Here, v,(s) is called the state-value function or simply the state value of s. Some impor-

tant remarks are given below.

o vr(s) depends on s. This is because its definition is a conditional expectation with

the condition that the agent starts from S; = s.

o vr(s) depends on 7. This is because the trajectories are generated by following the

policy 7. For a different policy, the state value may be different.

o vr(s) does not depend on ¢. If the agent moves in the state space, t represents the

current time step. The value of v,(s) is determined once the policy is given.

The relationship between state values and returns is further clarified as follows. When
both the policy and the system model are deterministic, starting from a state always leads
to the same trajectory. In this case, the return obtained starting from a state is equal
to the value of that state. By contrast, when either the policy or the system model is
stochastic, starting from the same state may generate different trajectories. In this case,
the returns of different trajectories are different, and the state value is the mean of these
returns.

Although returns can be used to evaluate policies as shown in Section 2.1, it is more
formal to use state values to evaluate policies: policies that generate greater state values
are better. Therefore, state values constitute a core concept in reinforcement learning.
While state values are important, a question that immediately follows is how to calculate

them. This question is answered in the next section.

2.4 Bellman equation

We now introduce the Bellman equation, a mathematical tool for analyzing state val-
ues. In a nutshell, the Bellman equation is a set of linear equations that describe the
relationships between the values of all the states.

We next derive the Bellman equation. First, note that G; can be rewritten as

Gy = Ry +YRiya + YRz + ..
=Riv1 +Y(Riyo + 7R3 +...)
= Rip1 + G,

where G117 = Ryro + 7R3+ .... This equation establishes the relationship between G

and Gyy1. Then, the state value can be written as

v(s) = E[Gy]S; = ]
= E[Ri11 +7G141] 5 = 4]
= E[RH_l’St == S] —+ ’}/E[Gt+1’5t = S]. (24)
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2.4. Bellman equation

The two terms in (2.4) are analyzed below.

o The first term, E[R;;1|S; = s], is the expectation of the immediate rewards. By using

the law of total expectation (Appendix A), it can be calculated as

E[Rt+1|5t = S] = Z']T(CL|S)]E[R1L+1|S,§ =S, At = CL]

acA
= Zﬂ(a\s)Zp(r\s,a)r. (2.5)
acA reR

Here, A and R are the sets of possible actions and rewards, respectively. It should be
noted that A may be different for different states. In this case, A should be written as
A(s). Similarly, R may also depend on (s,a). We drop the dependence on s or (s,a)
for the sake of simplicity in this book. Nevertheless, the conclusions are still valid in

the presence of dependence.

o The second term, E[G1]S; = s], is the expectation of the future rewards. It can be

calculated as

E[Gia|Si = s] = Y E[Gi1] S = 5, Si1 = 5]p(s']s)

s'esS

= Z E[Gii1|Si1 = §'p(s']s) (due to the Markov property)
s'esS

=D ue(s)p(s']s)
s'esS

= Zv,,(s’)Zp(s’]s,a)ﬂ(a\s). (2.6)
s'eS acA

The above derivation uses the fact that E[G;1|S; = s, Siy1 = &' = E[Gi41]Si01 = ¢,
which is due to the Markov property that the future rewards depend merely on the

present state rather than the previous ones.

Substituting (2.5)-(2.6) into (2.4) yields

’Uﬂ(8> = E[Rt+1|5t = 3] + ’VE[Gt+1|St = 8]7

= wlals)Y_w(rls,a)r+v) mlals) Yy p(s'ls. a)o(s')

3€.A reR N acA s'eS
mean of imm?e?iiate rewards mean of fuglrlre rewards
= Zw(als) Zp(r|s, a)r + -y Zp(s’|s, a)vg(s')|, forallseS. (2.7)
acA reR s'eS

This equation is the Bellman equation, which characterizes the relationships of state
values. It is a fundamental tool for designing and analyzing reinforcement learning algo-

rithms.
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2.5. Examples for illustrating the Bellman equation

The Bellman equation seems complex at first glance. In fact, it has a clear structure.

Some remarks are given below.

o wvr(s) and v, (s") are unknown state values to be calculated. It may be confusing to
beginners how to calculate the unknown v, (s) given that it relies on another unknown
vx(s"). It must be noted that the Bellman equation refers to a set of linear equations for
all states rather than a single equation. If we put these equations together, it becomes

clear how to calculate all the state values. Details will be given in Section 2.7.

o m(als) is a given policy. Since state values can be used to evaluate a policy, solving
the state values from the Bellman equation is a policy evaluation process, which is an
important process in many reinforcement learning algorithms, as we will see later in
the book.

o p(r|s,a) and p(s'|s, a) represent the system model. We will first show how to calculate
the state values with this model in Section 2.7, and then show how to do that without

the model by using model-free algorithms later in this book.

In addition to the expression in (2.7), readers may also encounter other expressions
of the Bellman equation in the literature. We next introduce two equivalent expressions.

First, it follows from the law of total probability that

(s'|s,a) = Zps r|s, a),

reR

p(rls,a) = Zps r|s, a).

s'eS

Then, equation (2.7) can be rewritten as

ve(s) = > mlals) Y Y p(s,rls,a) [r+yve(s)].

acA s'eSreR

This is the expression used in [3].
Second, the reward r» may depend solely on the next state s’ in some problems. As a
result, we can write the reward as r(s’) and hence p(r(s')|s,a) = p(s'|s, a), substituting

which into (2.7) gives

ve(s) =Y m(als) Y p(s']s, a) [r(s) +yve(s)].

acA s'eS

2.5 Examples for illustrating the Bellman equation

We next use two examples to demonstrate how to write out the Bellman equation and
calculate the state values step by step. Readers are advised to carefully go through the

examples to gain a better understanding of the Bellman equation.
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2.5. Examples for illustrating the Bellman equation
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Figure 2.4: An example for demonstrating the Bellman equation. The policy in this example is deter-
ministic.

o Consider the first example shown in Figure 2.4, where the policy is deterministic. We

next write out the Bellman equation and then solve the state values from it.

First, consider state s;. Under the policy, the probabilities of taking the actions
are m(a = as|s1) = 1 and 7(a # asls1) = 0. The state transition probabilities
are p(s' = s3|s1,a3) = 1 and p(s’ # ss|s1,a3) = 0. The reward probabilities are

p(r = 0]sy,a3) = 1 and p(r # 0|s1, az) = 0. Substituting these values into (2.7) gives
Ur(s1) = 0+ yur(s3).
Interestingly, although the expression of the Bellman equation in (2.7) seems complex,

the expression for this specific state is very simple.

Similarly, it can be obtained that

Ur(82) = 14+ yur(s4),
Ur(s3) = 1+ v (84),
Ur(Ss) = 1+ YU (S4).

We can solve the state values from these equations. Since the equations are simple, we
can manually solve them. More complicated equations can be solved by the algorithms

presented in Section 2.7. Here, the state values can be solved as

Ur(84) = ﬁ:
Ur(s3) = ﬁ,
Ur(s2) = ﬁ,
Ur(s1) = ﬁ
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2.5. Examples for illustrating the Bellman equation

Furthermore, if we set v = 0.9, then

1
vn(84) = 759 =10
1
™ = = 10,
ve(s3) = 759 = 10
(52) = —— — 10
Unl%2) =909 T
0.9
(sy) = —0.
ve(51) = 759
p=0.5
Sgi: S9
rzOl l"=1
p=0.5
53—
r =
=1

Figure 2.5: An example for demonstrating the Bellman equation. The policy in this example is stochastic.

¢ Consider the second example shown in Figure 2.5, where the policy is stochastic. We

next write out the Bellman equation and then solve the state values from it.

In state s;, the probabilities of going right and down equal 0.5. Mathematically, we
have m(a = asls;) = 0.5 and 7(a = ag|s;) = 0.5. The state transition probability
is deterministic since p(s’ = ss|s1,a3) = 1 and p(s' = s3|s1,a2) = 1. The reward
probability is also deterministic since p(r = 0s1,a3) = 1 and p(r = —1|s1,a2) = 1.

Substituting these values into (2.7) gives
v(81) = 0.5[0 + yvr(s3)] + 0.5]—1 + yvL(s2)].
Similarly, it can be obtained that

Ur(s2) = 1+ qur(84),
Ur(83) = 1+ Yvz(54),
Ur(84) = 1+ 0 (s4).

The state values can be solved from the above equations. Since the equations are
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2.6. Matrix-vector form of the Bellman equation

simple, we can solve the state values manually and obtain

Ur(84) = ﬁ,

v (53) = %

Ur(82) = ﬁ,

vr(s1) = 0.5[0 + yvr(s3)] + 0.5[—1 + v (s2)],
— 05+ ﬁ

Furthermore, if we set v = 0.9, then

If we compare the state values of the two policies in the above examples, it can be
seen that

U7T1 (Sl) Z U7r2 (Si>7 7’ = 17 27 37 4—7

which indicates that the policy in Figure 2.4 is better because it has greater state values.
This mathematical conclusion is consistent with the intuition that the first policy is better
because it can avoid entering the forbidden area when the agent starts from s;. As a
result, the above two examples demonstrate that state values can be used to evaluate
policies.

2.6 Matrix-vector form of the Bellman equation

The Bellman equation in (2.7) is in an elementwise form. Since it is valid for every state,
we can combine all these equations and write them concisely in a matriz-vector form,
which will be frequently used to analyze the Bellman equation.

To derive the matrix-vector form, we first rewrite the Bellman equation in (2.7) as

Va(s) = ra(s) +7 > pal']s)va(s), (2.8)

s'eS
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2.6. Matrix-vector form of the Bellman equation

where

ra(s) = S m(als) 3 p(rls. a)r.

acA reR
px(s'ls) =Y w(als)p(s']s, a).
acA

Here, r.(s) denotes the mean of the immediate rewards, and p.(s'|s) is the probability
of transitioning from s to s’ under policy 7.
Suppose that the states are indexed as s; with ¢ = 1,...,n, where n = |S|. For state

Si, (2.8) can be written as

Ur(si) = rx(si) + Z Pr(8jlsi)vr(sy). (2.9)

SjES

Let vy = [vx(51), .., 0r(80)]T € R, 7 = [r2(51), ..., 72(50)]T € R™, and P, € R™*" with

[Prlij = pr(sj|si). Then, (2.9) can be written in the following matrix-vector form:
Up = Tx + VPwUm (2]‘0)

where v, is the unknown to be solved, and r,, P, are known.

The matrix P, has some interesting properties. First, it is a nonnegative matrix,
meaning that all its elements are equal to or greater than zero. This property is denoted
as P, > 0, where 0 denotes a zero matrix with appropriate dimensions. In this book, >
or < represents an elementwise comparison operation. Second, Py is a stochastic matrix,
meaning that the sum of the values in every row is equal to one. This property is denoted
as P;1 =1, where 1 = [1,...,1]7 has appropriate dimensions.

Consider the example shown in Figure 2.6. The matrix-vector form of the Bellman

equation is

Ur(51) Tx(51) pr(s1]s1) px(sals1) px(sslsi) pr(sals1) Ur(81)

Ur(82) _ rx(82) +ry pr(s1ls2) pr(sals2) prlsals2) pr(s4lse) Ur(82)

Ux(s3) rx(s3) pr(sils3) pr(s2ls3) pr(sslss) pr(salss) Ux(83)
. Ux(84) R T (84) R pr(s1lse) pr(s2]s4) pr(sslse) pr(safsa) . Un(84) .

va(51) 0.5(0) + 0.5(—1) 005 05 07 [ vnls1)
vr(s2) | 1 0 0 0 1 U (52)
vr(ss) | 1 7 0 1 U (83)
U (S4) 1 0 1 U (S4)
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2.7. Solving state values from the Bellman equation

It can be seen that P, satisfies P,1 = 1.

p=0.5

r=—1

S1—» S92
rzOl l"=1
p=0.5

Figure 2.6: An example for demonstrating the matrix-vector form of the Bellman equation.

2.7 Solving state values from the Bellman equation

Calculating the state values of a given policy is a fundamental problem in reinforcement
learning. This problem is often referred to as policy evaluation. In this section, we present

two methods for calculating state values from the Bellman equation.

2.7.1 Closed-form solution

Since v, = r; + vP;v, is a simple linear equation, its closed-form solution can be easily

obtained as
vp = (I —yPy) 'y

Some properties of (I —vyP,)~! are given below.

o I — P, is invertible. The proof is as follows. According to the Gershgorin circle
theorem [4], every eigenvalue of I — vP;, lies within at least one of the Gershgorin
circles. The ith Gershgorin circle has a center at [I — vP,|; = 1 — ypx(si]s;) and
a radius equal to >[I — vPxlij = — >, 7px(sj]si). Since v < 1, we know that
the radius is less than the magnitude of the center: »_.; ypx(s;lsi) <1 — ypx(silsi).
Therefore, all Gershgorin circles do not encircle the origin, and hence no eigenvalue
of I —~ Py is zero.

o (I —~yP,)™t > I, meaning that every element of (I — vP;)~! is nonnegative and,
more specifically, no less than that of the identity matrix. This is because P, has

nonnegative entries, and hence (I —yP,) ™' =1 +~yP, +y*P2>+--->1>0.

o For any vector 7 > 0, it holds that (I —yP,)~'r > r > 0. This property follows from
the second property because [(I —yP,)~! — Ilr > 0. As a consequence, if 1 > ry, we
have (I —yP,)"lry > (I — yPy) " try.
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2.7. Solving state values from the Bellman equation

2.7.2 Iterative solution

Although the closed-form solution is useful for theoretical analysis purposes, it is not
applicable in practice because it involves a matrix inversion operation, which still needs
to be calculated by other numerical algorithms. In fact, we can directly solve the Bellman

equation using the following iterative algorithm:

Vgs1 = Tn +YPrvk, k=0,1,2,... (2.11)

This algorithm generates a sequence of values {vg, vy, v, ... }, where vy € R™ is an initial
guess of v,. It holds that

v = U = (I —vP) 'ry,  ask — oo, (2.12)

Interested readers may see the proof in Box 2.1.

Box 2.1: Convergence proof of (2.12)
Define the error as 0, = v, — v,. We only need to show that d — 0. Substituting
Ugs1 = Ory1 + Ur and vy = O + v, into vy 1 = 7 + VP gives

(5k+1 + U =Tr + rYPW(ék + UTI’)7

which can be rewritten as

5k+1 = =Wz 5~ Pz ¢ 7P7r5k = ryPﬂ'/UTKW
= ’Ypﬂdk — Up + (rﬂ' + ’yPﬂ'/UTK')7

As a result,
Opr1 = YPror = 72P7§5k71 - = 7k+1p7]r€+150-

Since every entry of P, is nonnegative and no greater than one, we have that 0 <
PF <1 for any k. That is, every entry of P¥ is no greater than 1. On the other hand,
since v < 1, we know that v¥ — 0, and hence 031 = Y1 P* 16y — 0 as k — oo.

2.7.3 Illustrative examples

We next apply the algorithm in (2.11) to solve the state values of some examples.
The examples are shown in Figure 2.7. The orange cells represent forbidden areas.

The blue cell represents the target area. The reward settings are rpoundary = Tforbidden = —1
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2.7. Solving state values from the Bellman equation

1 2 3 4 5 1 2 3 4 5
1 — — — 11 3.5 3.9 4.3 4.8 5.3
b
2 I T — 21 3.1 3.5 4.8 53 5.9
b
3 I -— l — 1 3| 2.8 25 | 10.0 | 5.9 6.6
4 I —| O |=— 1 4/ 25 | 10.0 | 10.0 | 100 | 7.3
5 I — T — -— 5| 2.3 9.0 | 10.0 | 9.0 8.1
1 2 3 4 5 1 2 3 4 5
1 — — — — 1 11 3.5 3.9 4.3 4.8 5.3
2 T 1 = — 21 3.1 3.5 4.8 5.3 5.9
!
3 I -— l — 1 3| 2.8 25 | 100 | 59 6.6
4 I —| O |=— 1 4/ 25 |10.0 | 10.0 | 100 | 7.3
5 I — T — — 5| 2.3 9.0 | 10.0 | 9.0 8.1

(a) Two “good” policies and their state values. The state values of the two policies are the same,

but the two policies are different at the top two states in the fourth column.
1 2 3 4 5 1 2 3 4 5

1 - - - - —| 1 -66 | -7.3 | -81 | 9.0 | -10.0

2 - - - - —| 2/ -85 | -83 | -81 | 9.0 | -10.0

3 - - - - —|3 -756 | -83 | -81 | 9.0 | -10.0

4 — = = = —| 4| -75 | 72 | -91 | 9.0 | -10.0

5 - - - - —| 5| -76 | -7.3 | -8.1 -9.0 | -10.0

1 2 3 4 5 1 2 3 4 5
1 —|— -— I 11 0.0 0.0 0.0 |-10.0 | -10.0
2 1 o — l —|2| -90 [-10.0 | -04 | -0.5 | -10.0
3| — — l -— o 3/-100| 05 | 05 | -05 | 0.0
4] O l I I —| 4/ 00 | -1.0 | -0.5 | -0.5 | -10.0
5/ O — O —| O 5/ 0.0 0.0 0.0 0.0 0.0

(b) Two “bad” policies and their state values. The state values are smaller than those of the
“good” policies.

Figure 2.7: Examples of policies and their corresponding state values.

and 7iareer = 1. Here, the discount rate is v = 0.9.
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2.8. From state value to action value

Figure 2.7(a) shows two “good” policies and their corresponding state values obtained
by (2.11). The two policies have the same state values but differ at the top two states in
the fourth column. Therefore, we know that different policies may have the same state
values.

Figure 2.7(b) shows two “bad” policies and their corresponding state values. These
two policies are bad because the actions of many states are intuitively unreasonable.
Such intuition is supported by the obtained state values. As can be seen, the state values
of these two policies are negative and much smaller than those of the good policies in
Figure 2.7(a).

2.8 From state value to action value

While we have been discussing state values thus far in this chapter, we now turn to
the action value, which indicates the “value” of taking an action at a state. While the
concept of action value is important, the reason why it is introduced in the last section
of this chapter is that it heavily relies on the concept of state values. It is important to
understand state values well first before studying action values.

The action value of a state-action pair (s,a) is defined as
qr(s,a) = E[Gy|S; = s, Ay = al.

As can be seen, the action value is defined as the expected return that can be obtained
after taking an action at a state. It must be noted that ¢, (s, a) depends on a state-action
pair (s,a) rather than an action alone. It may be more rigorous to call this value a
state-action value, but it is conventionally called an action value for simplicity.

What is the relationship between action values and state values?

¢ First, it follows from the properties of conditional expectation that

E(G|S, = s] = Y E[Gy[S, = 5, A, = a] 7(als).
ﬁ—/ . ~~ ~

acA

(2 (5) qr (s’a)

It then follows that
v(s) =Y m(als)gx(s,a). (2.13)
acA

As a result, a state value is the expectation of the action values associated with that

state.

¢ Second, since the state value is given by

uals) = S wlals) [ S plrls, ayr 9 D p(s')s, a)en(s)].

acA reR s'eS
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2.8. From state value to action value

comparing it with (2.13) leads to

qr(s,a) = Zp(r|s, a)r+ -y Zp(3'|s, a)v,(s). (2.14)

reR s'eS

It can be seen that the action value consists of two terms. The first term is the mean

of the immediate rewards, and the second term is the mean of the future rewards.

Both (2.13) and (2.14) describe the relationship between state values and action val-
ues. They are the two sides of the same coin: (2.13) shows how to obtain state values

from action values, whereas (2.14) shows how to obtain action values from state values.

2.8.1 [Illustrative examples

p=0.5

r=—1

S§1—» S92
r:Ol l’l"zl
p = 0.5

Figure 2.8: An example for demonstrating the process of calculating action values.

We next present an example to illustrate the process of calculating action values and
discuss a common mistake that beginners may make.
Consider the stochastic policy shown in Figure 2.8. We next only examine the actions

of s1. The other states can be examined similarly. The action value of (s, as) is

¢r(s1,a2) = =1 4 yv:(s2),

where s, is the next state. Similarly, it can be obtained that

qx(51,a3) = 0+ Yz (s3).

A common mistake that beginners may make is about the values of the actions that
the given policy does not select. For example, the policy in Figure 2.8 can only select
as or az and cannot select aj,ay4,a;. One may argue that since the policy does not
select ay, a4, as, we do not need to calculate their action values, or we can simply set

qr(81,a1) = (81, a4) = ¢r(s1,a5) = 0. This is wrong,.

o First, even if an action would not be selected by a policy, it still has an action value.

In this example, although policy m does not take a; at sy, we can still calculate its
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2.8. From state value to action value

action value by observing what we would obtain after taking this action. Specifically,
after taking a;, the agent is bounced back to s; (hence, the immediate reward is —1)
and then continues moving in the state space starting from s; by following 7 (hence,

the future reward is yv,(s1)). As a result, the action value of (s1,a;) is

%r(sla CL1> =1 + 7%(51)-

Similarly, for a, and aj, which cannot be possibly selected by the given policy either,

we have

¢r(81,a4) = =1 4+ yvr(s1),
qr(s1,a5) = 0+ yvg(s1).

o Second, why do we care about the actions that the given policy would not select?
Although some actions cannot be possibly selected by a given policy, this does not
mean that these actions are not good. It is possible that the given policy is not good,
so it cannot select the best action. The purpose of reinforcement learning is to find
optimal policies. To that end, we must keep exploring all actions to determine better

actions for each state.
Finally, after computing the action values, we can also calculate the state value ac-

cording to (2.14):

U (81) = 0.5¢,(s1,a2) + 0.5¢:(s1, as),
= 0.5[0 + v, (s3)] + 0.5[—1 + yv(s2)].

2.8.2 The Bellman equation in terms of action values

The Bellman equation that we previously introduced was defined based on state values.
In fact, it can also be expressed in terms of action values.
In particular, substituting (2.13) into (2.14) yields

qr(s,a) = Zp(ﬂs, a)r+ 7 Zp(s'|s, a) Z m(ad'|s) g (s, d'),

reER s'eS a’€A(s")

which is an equation of action values. The above equation is valid for every state-action

pair. If we put all these equations together, their matrix-vector form is
G- =T + vPllg,, (2.15)

where ¢, is the action value vector indexed by the state-action pairs: its (s, a)th element
is [¢rl(s,0) = @r(s,a). 7 is the immediate reward vector indexed by the state-action

pairs: [F(sa) = >_,er P(7]s, a)r. The matrix P is the probability transition matrix, whose
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row is indexed by the state-action pairs and whose column is indexed by the states:
[Pl(s,a),s = p(8'|s,a). Moreover, II is a block diagonal matrix in which each block is a
1 x | Al vector: Iy (s 4y = m(a'|s") and the other entries of IT are zero.

Compared to the Bellman equation defined in terms of state values, the equation
defined in terms of action values has some unique features. For example, 7 and P are
independent of the policy and are merely determined by the system model. The policy
is embedded in II. It can be verified that (2.15) is also a contraction mapping and has a

unique solution that can be iteratively solved. More details can be found in [5].

2.9 Summary

The most important concept introduced in this chapter is the state value. Mathematically,
a state value is the expected return that the agent can obtain by starting from a state.
The values of different states are related to each other. That is, the value of state s
relies on the values of some other states, which may further rely on the value of state s
itself. This phenomenon might be the most confusing part of this chapter for beginners.
It is related to an important concept called bootstrapping, which involves calculating
something from itself. Although bootstrapping may be intuitively confusing, it is clear if
we examine the matrix-vector form of the Bellman equation. In particular, the Bellman
equation is a set of linear equations that describe the relationships between the values of
all states.

Since state values can be used to evaluate whether a policy is good or not, the process
of solving the state values of a policy from the Bellman equation is called policy evalu-
ation. As we will see later in this book, policy evaluation is an important step in many
reinforcement learning algorithms.

Another important concept, action value, was introduced to describe the value of
taking one action at a state. As we will see later in this book, action values play a
more direct role than state values when we attempt to find optimal policies. Finally, the
Bellman equation is not restricted to the reinforcement learning field. Instead, it widely
exists in many fields such as control theories and operation research. In different fields,
the Bellman equation may have different expressions. In this book, the Bellman equation
is studied under discrete Markov decision processes. More information about this topic

can be found in [2].

2.10 Q&A

¢ Q: What is the relationship between state values and returns?

A: The value of a state is the mean of the returns that can be obtained if the agent

starts from that state.
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o Q: Why do we care about state values?

A: State values can be used to evaluate policies. In fact, optimal policies are defined

based on state values. This point will become clearer in the next chapter.
o Q: Why do we care about the Bellman equation?

A: The Bellman equation describes the relationships among the values of all states.

It is the tool for analyzing state values.
o Q: Why is the process of solving the Bellman equation called policy evaluation?

A: Solving the Bellman equation yields state values. Since state values can be used to
evaluate a policy, solving the Bellman equation can be interpreted as evaluating the

corresponding policy.
o Q: Why do we need to study the matrix-vector form of the Bellman equation?

A: The Bellman equation refers to a set of linear equations established for all the
states. To solve state values, we must put all the linear equations together. The

matrix-vector form is a concise expression of these linear equations.
¢ Q: What is the relationship between state values and action values?

A: On the one hand, a state value is the mean of the action values for that state. On
the other hand, an action value relies on the values of the next states that the agent

may transition to after taking the action.
o Q: Why do we care about the values of the actions that a given policy cannot select?

A: Although a given policy cannot select some actions, this does not mean that these
actions are not good. On the contrary, it is possible that the given policy is not good
and misses the best action. To find better policies, we must keep exploring different

actions even though some of them may not be selected by the given policy.
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